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The Backpropagation Algorithm
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Learning Outcomes

By the end of this lecture, students should be able to

« Explain why the backpropagation algorithm can efficiently compute many
gradients for a neural network.

* Derive non-vectorized expressions for the gradients with respect to
weights, biases, pre-activations, and activations in a small neural network.

« Explain the role of the forward pass in preparing quantities required for
backpropagation.
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Challenge of Training a Neural Network
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Optimizing a Neural Network

How do we find good weights for a neural network?

Use gradient descent to adjust the weights to reduce the loss.

Input Layer Hidden Layer 1 Hidden Layer 2 Output Layer
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Gradient Descent for a Neural Network

1. Initialize the weights w. This is wlak ux called d
/ in prteus lectutes.

2. Perform the updates. A
wew-—1nV, EWw)

where

* 1 is the learning rate

« Vi £(w) Is the gradient of cost function with respect to the weights w
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The Challenge of Computing All the Gradients

To train a neural network with gradient descent
Need the partial derivative of loss function with respect to every weight.

But a neural network can have millions of weights.

How can we compute the gradient of the cost function efficiently?

The Backpropagation Algorithm
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Gradients for 3-Layer Neural Network
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Notation and Definitions
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Notation and Definitions ©*P* * {nP O 1P X

L Number of layers in the model m Index of layer, m € [1, L]
D& Dimensionality of layer m
#hunits in -tRew™ layer
4  Input to the model (x) W e REXDE1)  Weight matrix for layer m
ou oo dvn J Lt’m@u&‘ dim o to W W

b® e RP Bias vector for Ia?ertzg

t Target output o Non-linearity for layer m
C(@)y) Cost (or loss) function e RP)  Pre-activations for layer m
at e RP®  Activations for layer m
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Computations in the 3-Layer Neural Network
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Two Exercises of Computing Derivatives
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Review: Univariate Chain Rule

y = f(x) z=g) =g )

dz dz dy
— k
dx dy dx

X —> Yy ——> Z
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Loss Derivative with respect to W( )
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Solution: Loss Derivative with respect to Wgzz)
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Computing Loss Derivative with respect to W%) 0C
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Review: Multi-Variate Chain Rule

y1 = f1(x), Vo = f2(x), C=g9gy.y:)
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Computing the Loss

layer 1
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Loss Derlv?tlve with respect to W(33
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Solution: Loss Derivative with respect to Wg?
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Computing Gradients Efficiently
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Notice Any Inefficiency in These Gradient Computations?
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Reuse Computations for All Gradients This is a oed&iged
Com Pu\ah‘«m dmp\n .

Many repeated computations to compute each derivative

Compute all derivatives in one pass by reusing intermediate results
(dynamic programming).

/-\ vase Cadas
‘/\ N

(0) / (1) a() / £(2) q(2) / ,(3) E) /c

wi o ph we  p® Wl ) t
% UNIVERSITY OF A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 25

% TORONTO



Backpropagation for a 3-Layer Neural Network

/\
» DEFY
UNIVERSITY OF GRAVITY

¥ TORONTO



Backpropagation for 3-Layer Network

Step 1: Gradients for the output layer ¢
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Backprop Step 1: Gradients for Output Layer

For pre-activation z(: ¢
3
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Backprop Step 2: Gradients for Hidden Layer 2

For pre-activations z
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Backprop Step 2: Gradients for Hidden Layer 2
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Backprop Step 3: Gradients for Hidden Layer 1

For pre-activations
aC
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Backprop Step 3: Gradients for Hidden Layer 1

For pre-activations zj(l): C
2) (2)
ac [~ ac 0z eV [ oac o o o
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Backpropagation for 3-Layer Network

Step1: Gradients for output layer ) C
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The Backpropagation Algorithm (Almost Complete Version)

1. Compute gradients for output layer

oc  9Cc_ 9a® ac .o j bose Case
3D = 52 3,0 = g o (1)
2. Compute gradients for each hidden layer recursively
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Why The Forward Pass
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Necessary Quantities for Backpropagation

What quantities do we need to carry output layer:
- ,
out backpropagation” oc _ oc oW ()
dzL)  gal
. derivative of loss function: —— :
“9ad each hidden layer:
. . . . !/ D(m+1)
+ derivative of non-linearity:o™’ (™) oc _ 3 0C__ \ (msn) o’ ()
aZ.(m) . 9 .(m+1) Lj J
] =1 l
« weights: W\™ .
J weights:
e activations: a}m) af <= %. a}m‘”
m m
6%% 0z,
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The Backpropagation Algorithm (Truly Complete Version)

Forward Pass Backward Pass
Foreachm =1, ...,L, For output layer L
pm~1) a(cL) = afL) L@ (z1)
(m) 2 W(m) (m 1) _I_b(m) _ 1 .. pm 0z oa

Foreachm =1, ..., L,

‘@ = gm (M) ; = (m) p(m+1)
o) (Zi ) y L 1; e D aC _ z aC . W(-m+1) ] O_(m)l (Z(m))
] )

L we neec) WRane b 2™ | & oD Y

\ \0““\’3 e j=1,.., DM
For output layer L, . .
putlayerl, ciat n QSO o _ 0 e
— ’ _ 2 ] |
C’-) ov.* —\'a_L a]/]/l] azi
m&\\\s i=1,..,DM j=1, ., DM D
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Backpropagation Summary

 Efficiently compute gradients for many weights in a neural network
* The forward pass computes and stores activations.

* The backward pass
o computes all the derivatives in one pass

o reuses intermediate values (dynamic programming)
o computes the derivatives w.r.t. pre-activations recursively via the chain rule.

G : : : :
= A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 39

g UNIVERSITY OF

% TORONTO

s




