CSC311 Introduction to Machine Learning
Vectorizing The Backpropagation Algorithm
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Learning Outcomes

By the end of this lecture, students should be able to

* Derive vectorized expressions for quantities in the forward pass of the
backpropagation algorithm for a small neural network.

 Derive vectorized expressions for gradients with respect to activations, pre-
activations, and weights in the backward pass of the backpropagation algorithm
for a small neural network.
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Outline

* Review of 3-Layer Neural Network
* Vectorizing Forward Pass

* Vectorizing Backward Pass
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Review: 3-Layer Neural Network
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3-Layer Neural Network

Input layer Hidden layer 1 Hidden layer 2
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Notation and Definitions

L: number of layers
meia\\\s
a(®: input to the model (x awﬁ ‘2;\
\aﬂer
t: target output

C: loss function C(a™, t)

UNIVERSITY OF

% TORONTO

For each layer m where m € [1, L]

D) dimensionality of layer m
4 Y oulpuk ToPuY

W™ weight matrix for layer m, RP"™xp™ ™
b(M): bias vector for layer m, RP"™

o™ non-linearity for layer m o)
o
z(M): pre-activations for layer m (R

Cm')
a(™: activations for layer m (R
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Computation Graph

Input layer Hidden layer 1
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Vectorizing Forward Pass
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Forward Pass Computations

layer 1: layer 2:
p(0) pD)

202> WP 460 AP =N WP
j=1 j=1

afl) =gW (Zi(l)) agz) =g® (Zi(z))
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layer 3:

p(2)

7(3) — z W(3) (2) +p®

a® = g3 (z®)

C=C@@®,t)
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Vectorizing Forward Pass Computations

Non-Vectorized

Foreachm =1, ..., L,

(m+1) (z W(m+1) (m)) N b(m+1)

i

a(m+1) _ g(m+1) (Z.(m+1)

l

For output layer L
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C =C(a®,t)

)

Vectorized

Foreachm =1, ..., L,

For output layer L
C=C(a,t)
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Y T O s cacihts

W o qovng \ﬂ\'o ACa
Result of Vectorizing Weighted Sum o™, §™ D"x\ .s ueik in
o el

[ w
What is the vectorized expression for the following? \\,0:0 = e

- mat) (m)
) D
2£mﬂ) {_ 2("”“)22 Vlli§m+1) a}gm) ’ i = 1’ . D(m+1)
:(m ) . (ms) =1 - ou\'pu\ R n puf
- ZD(:‘*". dime D X1 .b(mﬂ'\ % Bgm
(A) (w(m+1))Ta(m) (C) wWm+Dg(m)
(B) (a(m))Tw(m+1) (D) q(M)y(m+1)
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Solution: Result of Vectorizing Weighted Sum

What is the vectorized expression for the following?

p(m)

z I/Vl§m+1)a](m) ¢ L = 1; XLy D(m+1)

=1
(A) (w(m+1))Ta(m) (C) Wi+ a(m) (Correct)
(B) (a(m))Tw(m+1) (D) q(M)y (m+1)

Recall the dimensions W+ g RR™HIxp™  4(m) ¢ pp™x1

@
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Vectorizing Forward Pass Computations

Non-Vectorized

Foreachm=1,...,L,

(m+1) z W(m+1) (m) + b(m+1)
a§m+1) _ g(m+1) (Zi(m+1))

For output layer L
C =C(a®,t)
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Vectorized

Foreachm =1, ..., L,

7(M+1) — Wm+1)4q(m) 4 pim+1)
q(M+1) — 5(m+1) (z(m+1))

For output layer L
C =C(aW,t)
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Vectorizing Backward Pass
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Backward Pass Computations

@Compute gradients for output layer —— ‘Rig 0s3umes o sScalar supulr

oC oC p
— .~ (L)
9z0 g ¢ (z)

@ Compute gradients for each hidden layer recursively

oC ac |
— . (m+1) . ~(m) (m) : (m)
aZ(m) (2 aZ(m‘I'l) Vl/l] ) o (Z] )) ] 1, ...,D
J l

i

@ Compute gradients for the weights
aC oC . (m-1)

— a ,
amﬁm) az@@ ]

l

i=1,..,D0M,j=1,.,6 DMD
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Gradients for the Output Layer @_}@
In our network, z("), a) t € R are scalars. G:)/‘
aC oc adal)  ocC

— . = . (L)’ (L)
0zL)  dal) gzL)  gal) o (Z )

In general, z(W,all), t € RP“X1 can be vectors. eq: molki-class classificarion

i=1,.., DD

= UNIVERSITY OF A. Gao and M. Tawfik, CSCBI =fMtroduction to'i! !ine Learning. 16
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aC _ aC . aai _ aC . O_(L)I (Z(L)) |
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Exercise 1: Gradients for the Output Layer © *

What is the vectorized expression
aC aC

/ azi(]“) - aal@

the following?.
> X\

Y (Zi(L))/ i=1,..,DW

)

A (V. ,C)' (O-(L)’(Z(L))) (D) (G(m’(z(m)) (V.0:C)"

@ (V,wC)® (a<L)'(Z(L)))

(B) (G(L)’(Z(L)))T (Va(L) C) (E) (Va(L) C) (G(L)’(z(L)))T

¢ °C oC ]T

D UNIVERSITY OF (L\ B‘z (Y o ({8 A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning.
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Solution 1: Gradients for the Output Layer

What is the vectorized expression for the following?

oc  aC :
S 0 A Y €5 :
azi(L) = aal@ o'l (Zl- ), i=1,.. D®
(A) (V,,C)" (U(L)'(Z(L))) (D) (G(L)’(Z(L))) (V.yC)'
(B) (c@)’(z(w))T (V. C) (E) (V,1C) (o@'(z(w))T

(C) (V,wC)O (U(L)'(Z(L))) (Correct)

Recall the dimensions: V_,C, o @’ (z®),V_¢,C € RP™*2
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Vectorizing Gradients for the Output Layer

Non-vectorized:

ac  ac aa?  ac
0z aal” 9z”  9a”

Lg@' (Z-(L)), i=1,.., D%

l

Vectorized:
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Solution: Vectorizing Gradients for the Output Layer

Non-vectorized:

oc  ac da™ ac
0z aa” 9z  9a

@' (zP),  i=1,..,DW

Vectorized:
V.wC = (V,10)® (O-(L)'(Z(L)))

@
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Backward Pass Computations

\/ Compute gradients for output layer
V.wC = (V,10)® (O-(L)'(Z(L)))

2. Compute gradients for each hidden layer recursively

aC aC
= R TASER TGO IO = (m)
aZ(m) (2 aZ(m‘I'l) VVl] ) o (Z] )) ] 1, ...,D
J

l l
3. Compute gradients for the weights

oc a_C.a@”“l), i=1,..,DM j=1, .., 0DMm"D

m — S.m) Y
OWi ; Ozi
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Vectorizing the Recursive Step

D (m+1)

aC aC ' _
m) Z (m+1) M/i§m+1) -0t (ZJ'(m))’ j=1, e, DM
azj 0z

i=1

1. Vectorizing

2. Vectorizing

aC B aC
(m) (m)
azj aa]

5
5 UNIVERSITY OF A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 22

¥ TORONTO



Exercise 2: Loss Derivative with respect to Activations

V-%*Cm +\)
What is the vectorized expression for the follewing? 1>c\m\) x\
V‘_C p(m+1)

(nﬂ
ﬁ dC 2 d0C . W(.m+1) ] —1, ...,D(m)
o™ x\ da (m) o \gzmD Y W™ 1)
(m+) Cm)
‘w<m+1>)T (V. menC) C) WD (7 ey O X0
(B) (V,amsnyC) " Wm+D (D) (V,menC)WFD)
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Solution 2: Loss Derivative with respect to Activations

What is the vectorized expression for the following?

D(m+1)
oc__ oc R VTASE =1 .. Dm
) m+n) Vi Y R
oa. 6Zl.

J =1

(A) (WWOHINT (7 1m41)C) (Correct) (C) WD (V_1141)C)

(B) (Vz(m"'l) C)T wm+d) (D) (Vz(m+1) C) w(m+1)

' ' +1 +1
Recall the dimensions: Wn+1) g RP >0 1y L0 e RPTTYX2

UNIVERSITY OF A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning.
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Exercise 3: Loss Derivative with respect to Pre-élctivations

VGi““
What is the Ovectorized expression for owing? DCm\ x\
son = 9C__ 9C T ) (,m),  j=1..,pom
a (m) aa(m) — ’ $ (W\\ ’
DC"\\ \ ] j D X \
(A) (,mC) " (0 (20m)) () (™' (2™)) (V)"
(B) (G(m)’(z(m)))T (Va(m) C) (E) (Va(m) C) (G(m)’(z(m)))T
@(Vam) 0)® (O-(m)'(z(m)))
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Solution 3: Loss Derivative with respect to Pre-activations

What is the vectorized expression for the following?

oC oC :
_ _m)' (., (m) :
. = o o\ (Zj ), i=1.. DM
J J
(A) (V,amC) "' ((,(m’(Z(m))) (D) (cy(m)'(z(m))) (V.amC)'
(B) (G<m>’(z<m>))T (V. amC) (E) (V,amC) (G<m>’(z<m>))T

(C) (V,amC)® (a(m)'(z(m))) (Correct)

Recall the dimensions: V_m)C, 0™’ (zM) ¢ RP™*1

U_.M IIIIIIIIIIII A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 26




Vectorizing the Recursive Step

Non-vectorized:

D (m+ 1)

== > (= W) | o™ (5™),  i=1..,00
OZJ. — \0z
Vectorized:
@ UNIVERSITY OF A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 27
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Vectorizing the Recursive Step

Non-vectorized:

aC D(m+1) aC
) = z ) . M/i§m+1) . O'(m)’ (Z](m)) , i=1 ,D(m)
aZj = aZi

Vectorized:
V,mC = (WD) (Vym11€) ) © (0 (z0™))

@
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Backward Pass Computations

\)./ Compute gradients for output layer
V,wC = (V0 0)@ (¢®'(z®))
\/ Compute gradients for each hidden layer recursively
Y, C = (WD) (Vim0 C) ) @ (0 (z0™))
3. Compute gradients for the weights

ac  ac  az™ 4G | m-y
m = o m o m o Y
ow, ™ az™ aw ™ oz
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Exercise 4: Loss Derivative with respect to Wei

What is the vectorized expression f

oc oc am v i=1,.,DM =1, ., DmD

m — L m) Y
OWU Ozi \

(A) (V,mC) " (@)

(B) (@™ V)" (V,mC)

C) (V,mC)O(a™ 1)

,DCM\ X ,DCm )
& 2C ¢ 2C
UNIVERSITY OF amq\ W2 wpb'“ A. Gao and M. Tawfik, CSC311, Introduction to Machine Learning. 30
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Solution 4: Loss Derivative with respect to Weights

What is the vectorized expression for the following?

oc oc QmY i =1,..,DM j=1,., DpMmD

m) — S m) Y
BWi ; azi

(A) (7, C) (aD) (D) (a™)(V,wmC)"

(B) (a(m‘l))T(Vz(m)C) (E) (V,mC) (a(””‘l))T (Correct)

(C) (VamC)O(a™P)

Recall the dimensions: V_m)C € RP™X1 a(m-1) ¢ IRD(m_l)Xl,Vw(m)C c RP™xDM-1
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Vectorizing the Gradients for the Weights

Non-vectorized:

aC ac  az™  aC )
e e = e & i= 1., D=1, DD
aVViJ' aZi al/Vij azi

Vectorized:
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Solution: Vectorizing the Gradients for the Weights

Non-vectorized:

aC ac  az™  aC )
e e = e & i= 1., D=1, DD
aM/ij aZi al/Vij azi

Vectorized:
Vw(m) C — (vz(m) C) (a(m_l))T

@
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Backward Pass Computations

\/ Compute gradients for output layer
V,wC = (V0 0)@ (¢®'(z®))
VZ./ Compute gradients for each hidden layer recursively
V,mC = ((w(m+1))T (Vz(m+1)C)) 0 (G(m)'(z(m)))

V{ Compute gradients for the weights
ViymC = (Vz(m)C) (a(m_l))T
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